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In recent years, there has been increasing concern about the problems of children with numeracy difficulties (e.g. Montague, Woodward and Bryant, 2004). There is, however, still a considerably smaller research base on dyscalculia, numeracy difficulties and interventions than, for example, on corresponding issues within literacy. 

Although mathematics includes much more than arithmetic (e.g. geometry; measurement; algebra), most studies of mathematical disabilities and difficulties have focused on problems with number and arithmetic. This review will therefore focus predominantly on this topic.

Individual differences in mathematicstc  \l 3 "Individual differences in mathematics"
It is well known that individual differences in arithmetical performance are very marked in both children and adults (Dowker, 1998). For example, British studies separated by 20 years, and by radical changes in mathematics education, have revealed a gap of about seven years in 'mathematics age' between the highest and lowest achievers in an average class of 10- or 11-year-olds (Cockcroft, 1982; Brown, Askew, Rhodes et al, 2002). Individual differences in arithmetic among children of the same age are consistently found to be large in most countries that have been studied. The average level of performance tends to be higher in Pacific Rim countries (TIMSS, 1996), though individual differences are high in these countries as well (Schmidt, McKnight, Cogan, Jackwerth and Huang, 1999). In all countries that have been studied, a significant number of children have real difficulty in mathematics (TIMSS, 1996).
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tc  \l 1 ""Children's numeracy difficulties can take several forms. Some children have difficulties with many academic subjects, of which arithmetic is merely one; some have specific delays in arithmetic, which will eventually be resolved; and some have persisting, specific problems with arithmetic. It is the latter group for whom the term 'dyscalculia' may most appropriately be used. 

The incidence and characteristics of dyscalculia 
The term 'developmental dyscalculia', implying a specific disorder of mathematical learning, appears to have been popularised by Kosc (1974, 1981); though there was some earlier research on related problems (Kinsbourne and Warrington, 1963).

Kosc (1981) estimated that the incidence of developmental dyscalculia is approximately 6%. Some later studies appear to concur with this, while others suggest a higher or lower figure.

Lewis, Hitch and Walker (1994) studied 1056 unselected 9-to 10-year-olds English children (the entire age group within a particular, socially highly heterogeneous, local education authority; excluding only those assessed as having severe general learning difficulties). They were given the Ravens Matrices IQ test; Young's Group Mathematics Test; and Young's Spelling and Reading Test. 1.3% of the sample had specific arithmetical difficulties, defined as an arithmetic scaled score of 85 or below despite a Ravens IQ score of 90 or above. A further 2.3% had difficulties in both reading and arithmetic (scaled scores of 85 or below in both the reading and arithmetic tests) despite a Ravens IQ score of 90 or above. Thus, the prevalence of arithmetic difficulties in children of normal IQ was 3.6%. The children with arithmetical difficulties were equally divided as to gender.

Other studies have given a figure closer to Kosc’s suggested 6%. Gross-Tsur, Manor and Shalev (1996) assessed the incidence of dyscalculia in a cohort of 3029 Israeli 11- to- 12-year-olds. The 600 children who scored in the lowest 20% on a standardized city-wide arithmetic test were selected for further testing. 555 were located and given an individualized arithmetic test battery previously constructed and standardized by the authors. This included reading, writing and comparing numbers; comparing quantities; simple calculations; and more complex (multi-digit) calculations. 188 children or 6.2% of the total were classified as having dyscalculia, using the criterion of a score equal or below the mean for children two years younger. 143 of these children were located and received parental consent for further testing. This included the WISC-R IQ test, and reading and spelling tests standardized on 70 age-matched typically developing children. 3 children were excluded from the 'dyscalculic' group because they obtained IQ tests below 80. Of the 140 dyscalculic children, 75 were girls and 65 were boys, once again indicating an approximately equal gender distribution. Their IQs ranged from 80 to 129, with a mean of 98.2. They were assessed for symptoms of other learning problems. The researchers diagnosed 17% as dyslexic, and 26% as having symptoms of attention deficit hyperactivity disorder. They came from significantly lower socio-economic backgrounds than the children without dyscalculia. 42% had first-degree relatives with specific learning disabilities.

Bzufka, Hein and Neumarker (2000) studied 181 urban and 182 rural German third-grade pupils. They were given standardized school achievement tests of arithmetic and spelling. 12 children in each sample (about 6.6% of the whole population) performed above the 50th percentile in spelling, but below the 25th percentile in mathematics. When the urban and rural children were compared, they showed little difference in incidence of specific spelling or mathematics difficulties, but the urban children [who were on the whole from a lower socio-economic background] were far more likely than the rural children to have difficulty with both (48.6% versus 3.3%). 

Desoete, Roeyers and DeClercq (2004) carried out a study in Belgium, where they gave a standardized mathematics test to nearly 4000 second-to-fourth grade children. They combined evidence from the test (performance at least two standard deviations from the mean on at least one section) with teacher ratings. Incidence of dyscalculia ranged from 2.27% in second grade to 7.7% in third grade (6.59% in fourth grade). It is unlikely that the incidence would have in fact differed so much at the different ages; and the differences probably reflect differential sensitivity of the test at different ages, perhaps combined with a reluctance on the part of teachers to label children as mathematically disabled at a young age.

Attempts to interpret studies of the incidence of dyscalculia run into the problem that different studies have used different measures and criteria. For example, they have used different IQ tests; different mathematics tests –which may be emphasizing quite different components; and different cut-off points for establishing normality versus deficit in both IQ and mathematics. On the whole, they have tended so far to use measures of discrepancy between IQ and mathematics as the predominant criterion for dyscalculia, and have not investigated how children were actually functioning in practical and educational tasks involving mathematics. 

It must be noted that there is continuous variation in arithmetical difficulties in the population; and that many people who would not be regarded as having severe and specific dyscalculia do have major and disabling problems with numeracy. 

For example, Bynner and Parsons (1997) gave some Basic Skills Agency literacy and numeracy tests to a sample of 37-year-olds from the National Child Development Study cohort (which had included all individuals born in Britain in a single week in 1958). The numeracy tests included such tasks as working out change, calculating area, using charts and bus and train timetables, and working out percentages in practical contexts. According to the standards laid down by the Basic Skills Agency, nearly one-quarter of the cohort had 'very low' numeracy skills that would make everyday tasks difficult to complete successfully. This proportion was about four times as great as that classed as having very low literacy skills. Most of the adults with numeracy difficulties had already been experiencing difficulties with school mathematics at the age of 7. 

The origins of these numeracy difficulties were presumably varied, though these were not examined. Presumably, only some of these adults would have been describable as 'dyscalculic': some would have had generally below-average IQs; some would have had limited or inappropriate instruction; and some would have had emotional and social problems affecting their performance in arithmetic. Nonetheless, the study shows the pervasiveness of numeracy difficulties and their importance in adult life.

Arithmetical ability is made up of many components

In order to study the nature of the arithmetical difficulties that children experience, and thus to understand the the best ways to intervene to help them, it is important to remember one crucial thing: arithmetic is no ta single entity: it is made up of many components, including knowledge of arithmetical facts; ability to carry out arithmetical procedures; understanding and using arithmetical principles such as commutativity and associativity; estimation; knowledge of mathematical knowledge; applying arithmetic to the solution of word problems and practical problems; etc.

Experimental and educational findings with typically developing children (Ginsburg, 1977; Dowker, 1998) and adults (Geary and Widaman, 1992) have shown that it is possible for individuals to show marked discrepancies between almost any two possible components of arithmetic. For example, Dowker (1998) studied calculation and arithmetical reasoning in 213 unselected children between the ages of 6 and 9. She reported (p. 300) that (1) individual differences in arithmetic are relatively marked; (2) that arithmetic is indeed not unitary and that it is relatively easy to find children with marked discrepancies [in either direction] between [almost any two] different components; and that (3) in particular it is risky to assume that a child does not understand maths” because he or she performs poorly in some calculation tasks”. 

Studies of adults with acquired dyscalculia (Warrington, 1982; Dehaene, 1997; Butterworth, 1999; Delazer, 2003) show that almost any component of arithmetic can be selectively impaired: e.g. patients can show double dissociations between estimation and calculation; memory for facts and following procedures; written versus oral arithmetic; different arithmetical operations such as subtraction versus multiplication; etc. 

It would thus be expected that at least some dyscalculic children might also show shown extreme discrepancies between different types of mathematical ability; and this has indeed been found when investigated. For example, Temple (1991) reports one child who could carry out arithmetical calculation procedures correctly but could not remember number facts, and another child who could remember the facts but not carry out the procedures.

Macaruso and Sokol (1998) studied 20 adolescents with both dyslexia and arithmetical difficulties, and found that the arithmetical difficulties were very heterogeneous, and that factual, procedural and conceptual difficulties were all represented. 

Such findings are important, as they demonstrate that dyscalculic children need not have problems with all aspects of arithmetic, but may have strengths that could be used in intervention programs to compensate for and overcome their weaknesses.

What aspects of arithmetical thinking tend to cause most trouble?
Ginsburg (1972, 1977) has carried out both group and case studies in this area. He argues that some children have global specific learning difficulties in most areas of arithmetic, but the number is smaller than sometimes suggested: the majority of children who underachieve in arithmetic have significant strengths as well as weaknesses; and may be suffering predominantly from instruction which is inappropriate to their needs. Ginsburg and his colleagues carried out several individual case studies of children who were failing in school mathematics. Such children typically combined significant strengths with specific weaknesses. Most commonly, they had a good informal understanding of number concepts, but had trouble in using written symbolism and standard school methods. Some had particular difficulties with the language of mathematics. Some children appeared to have very limited number understanding at first sight, but still had a good understanding of counting techniques and principles. Though some patterns of strengths and weaknesses were commoner than others, some children showed unusual and distinctive patterns. Ginsburg recommends the use of clinical interview techniques as part of assessments, in order to understand a child's specific strengths and weaknesses, and the reasons for their errors: "Standard tests...usually provide only vague characterizations of a child's performance. They show perhaps that he or she does well or poorly. But usually you already know that...(C)hildren's mathematical thinking is complex. You need to understand their intuitions, their errors, their invented strategies. Standard tests - at least of the type available today in the average school - do not help you to see these things." 

Russell and Ginsburg (1984) found that 9-year-old children who were described by their teachers as weak at arithmetic tended to be worse than other children at two types of arithmetical task: word problem solving and memory for arithmetical facts. They were not significantly worse than others at tasks involving estimation, derived fact strategy use, or understanding the relationships between tens and units.

Other studies of children with mathematical difficulties also show them to be more consistently weak at retrieving arithmetical facts from memory than at other aspects at arithmetic. They often rely on counting strategies in arithmetic at ages when their age-mates are relying much more on fact retrieval ( Russell and Ginsburg, 1984; Siegler, 1988; Geary and Brown, 1991; Ostad, 1997, 1998; Cumming and Elkins, 1999; Fei, 2000). 

Jordan, Hanich and Kaplan (2003) tested American second grade children for knowledge of addition and multiplication facts. 45 children with poor arithmetic fact mastery were compared with 60 children with good artihmetic fact mastery. They were followed up longitudinally through second and third grade. The children with poor fact mastery showed little improvement on timed number fact tests    in over a year, but showed normal progress in other aspects of mathematics. When IQ was held constant, the children with poor fact mastery performed similarly with good fact mastery in tests of reading and mathematics word problem solving at the end of third grade. 

This, difficulties in memory for arithmetic facts tend to be persistent. They appear to be independent of reading skills, and did not affect performance on other aspects of arithmetic.

It should, however, be noted that, while difficulty in remembering number facts is a very common component of arithmetical difficulties, not all children with arithmetical difficulties have this problem.  Most of the children in Dowker’s intervention study (Dowker, 2004, in press) certainly did experience problems with number facts; but not all did. Some children could remember many number facts, but seemed to lack strategies (including suitable counting strategies) for working out sums when they did not know the answer. Some other children could deal with single-digit arithmetic but had serious difficulty in achieving even limited understanding of tens, units and place value.

Part of the reason for the associations between number fact retrieval and more general arithmetical performance lies in the ways in which arithmetical performance is often assessed. If arithmetical tests and assessments emphasize fact retrieval, then those who are poor at fact retrieval are likely to do badly in the tests, and be classed as having arithmetical difficulties. If arithmetical fact retrieval is emphasized in the school curriculum, then those who are weak at this aspect of arithmetic will struggle with their school arithmetic lessons and assignments, even if they have no difficulty with other aspects of arithmetic.  

There does, however, seem to be more to the problem than this. If people have trouble in remembering basic arithmetic facts, then they will have to calculate these facts by alternative and usually more time-consuming strategies. Even if they are able to do so accurately, this means that they must devote time and attention to obtaining facts that someone else might retrieve automatically; and this will divert time and attention from other aspects of arithmetical problem-solving, resulting in lower efficiency.

There do seem to be different degrees and forms of difficulty with number facts and resulting reliance on counting strategies. Some children, such as those in the studies by Russell and Ginsburg (1984) and Jordan et al (2003), seem to have specific, localized difficulties with fact retrieval, and to be able to use a wide variety of alternative strategies. Other children (Gray 1997; Ostad, 1997, 1998) seem to rely narrowly and exclusively on counting strategies, and fail to use any other form of strategy, including derived fact strategies. To add to their difficulties, such children are often less efficient than others at using the very counting strategies on which they rely the most. 

For example, Ostad (1997, 1998) studied mathematically disabled Norwegian children. The study included 32 mathematically disabled and 32 mathematically normal children initially in Grade 1; 33 MD children and 33 MN children in Grade 3; and 36 MD and 36 MN children in Grade 5. The mathematically disabled children were those who scored below the 14th percentile on a Norwegian standardized mathematics achievement test. The pupils were asked to solve 28 single-digit addition problems on two different occasions separated by a period of two years. Their strategies on each problem were recorded. Mathematically disabled children used almost exclusively counting-based strategies, while mathematically normal children were more likely to use retrieval or derived fact strategies. Moreover, mathematically normal children increased their use of retrieval and decreased their use of counting-based strategies as they grew older, while mathematically disabled children's strategies did not change with age. At all ages, mathematically normal children used a far wider variety of strategies than mathematically disabled children, and the differences increased with age.

Bryant, Bryant and Hammill (2000) carried out a large-scale study of the characteristics of children and young people with mathematical difficulties. The participants were 1724 American pupils from 8;0 to 18;11, diagnosed as learning disabled and receiving special education services. 870 were rated by their teachers as having mathematical weaknesses; 854 were not. 

The researchers constructed a list of 33 mathematical behaviours derived from consulting the literature on developmental and acquired dyscalculia. Items included "difficulty with word problems"; "difficulty with multi-step problems"; "does not recognize operator signs"; "does not recognize operator signs"; "does not verify numbers, and settles for first answer"; etc. Teachers were asked to check the items on the list that applied to each pupil.

Stepwise multiple regression showed that just under 31% of the variance between the groups with and without mathematical weaknesses was caused by a single item: "Has difficulty with multi-step problems and makes borrowing errors".  7 other items contributed significantly to group membership (though to a much lesser extent, only accounting in total to just under 5% of the variance). These were: "Cannot recall number facts automatically"; "Misspells number words; "Reaches unreasonable answers"; "Calculates poorly when order of digits is altered"; "Cannot copy numbers accurately"; "Orders and spaces numbers inaccurately in multiplication and division"; and "Doesn't remember number words."

Arithmetical disabilities associated with known physiological causes
It is always necessary to be cautious about extrapolating from the effects of brain damage in adults or even atypical development in genetically impaired or brain‑damaged children to normal development. As has recently been pointed out (Karmiloff‑Smith, 1998; Ansari and Karmiloff-Smith, 2002), typical and atypical brains may differ at multiple levels, making it difficult or impossible to attribute cognitive differences to damage to a specific neuropsychological module. Moreover, the patterns of such differences may change with time: for example, infants with Williams syndrome show good recognition of numerical quantities, but poor word comprehension, while in later childhood and adulthood they tend to show the reverse type of pattern: very poor arithmetic and relatively good language.

It is also necessary to remember that most children with dyscalculia show no clear-cut brain damage, though some subtle forms of brain dysfunction or abnormality are possible, especially as Shalev, Manor, Kerem, Ayali, Badichi, Friedlander and Gross‑Tsur (2001) recently obtained results that suggested that developmental dyscalculia has a strong tendency to run in families.

However, arithmetical disabilities do sometimes result from brain damage or brain abnormality in children; and findings concerning such cases may provide some insight into dyscalculia more generally. It is known that children with certain specific genetic conditions tend to have specific difficulties in arithmetic. This is particularly true of children with Turner syndrome (Mazzocco, 1998; Temple and Marriott, 1998; Butterworth, Grana, Piazza, Girelli, Price, and Skuse, 1999). Specific or disproportionate arithmetical difficulties are also characteristic of some other conditions; notably Williams syndrome (Ansari and Karmiloff-Smith, 2001); fragile X syndrome occurring in girls without major learning difficulties (Mazzocco, 1998); and the chromosome 22q11.2 deletion syndrome (Bearden, Woodin, Wang, Moss, McDonald‑McGinn, Zackai, Emmanuel and Cannon, 2001). 

Such association between mathematical disabilities and genetic disorders may reflect specific brain abnormalities. Molko, Cachia, Riviere, Mangin, Bruandet, LeBihan, Cohen and Dehaene (2003) carried out brain imaging studies with individuals with Turner's syndrome. Functional MRI revealed abnormal patterns of activation of the right and left intraparietal sulci during both exact and approximate calculation; and structural brain imaging revealed abnormal length, depth and sulcal geometry of the right intraparietal sulcus. We may note that damage to parietal lobes is often associated with acquired dyscalculia in adults.

Arithmetical difficulties can also occur in children with known early brain damage. Studies of children with unilateral early brain damage have given conflicting results as to which hemisphere is most associated with arithmetical difficulties. Some studies (Kiessling, Denckla and Carlton, 1983; Aram and Ekelman, 1988; Van Hout, 1995) have obtained results which suggest that right hemisphere damage is more associated with arithmetical difficulties, while others (Ashcraft, Yamashita and Aram, 1992; Martins, Parreira, Albuquerque and Ferro, 1999) found that, as is typical for adults, left hemisphere damage caused greater arithmetical difficulties. Martins et al (1999) pointed out that most of the studies showing greater effects of right hemisphere damage involved younger children than those in their own study, and suggested that the right hemisphere may be crucial in the development of early number concepts in preschoolers, while the left hemisphere may be more important in the development of calculation skills in somewhat older children.

Isaacs, Edmonds, Lucas and Gadian (2001) studied a group of children who had been born very prematurely and weighed less than 3 pounds 2 ounces at birth. A relatively high proportion of these children had specific arithmetical difficulties. Within this group, those who were experiencing difficulty in arithmetic had smaller left parietal cortices than those who were not experiencing any such difficulty. This suggests that the size and functioning of the left parietal lobe could be a factor in individual differences in normal arithmetical development, as well as in frank brain damage or genetic disorders. However, very premature babies, even if they have not experienced actual brain damage, may be an unusual group with regard to brain development (for example, left‑handedness is much commoner in very premature babies than in full‑term babies). The degree to which such findings can be extended to children who were not born very prematurely still remains to be discovered.

Bearing this caution in mind, how might such differences in the left parietal lobe affect arithmetical development? Would children whose left parietal lobes are relatively small be expected to show weaknesses just at calculation, or at a wider variety of numerical abilities? In particular, are their weaknesses, like those of some patients with damage to this area (Dehaene, 1997; Butterworth, 1999), linked to an inability to recognize even very small quantities?

There does seem to be evidence that some people with

developmental difficulties in arithmetic may demonstrate

difficulties in small number recognition. Butterworth (1999)

studied one adult without known brain damage, who claimed to have always had difficulty with arithmetic. He did indeed have difficulty with many aspects of arithmetic; but, in addition, he could not recognize 2 or 3 dots without counting them. Such difficulties can also be seen in some children with Turner's syndrome (Butterworth et al, 1999) and has been observed in some other cases of severe developmental dyscalculia (Ta'ir, Brezner and Ariel, 1997).

Conclusions about brain-based factors in dyscalculia.

We know that children with developmental arithmetic disorders can show selective deficits in specific arithmetical components, which can parallel the deficits found in brain‑damaged patients. Some children experience arithmetic disorders as part of genetic syndromes, or early acquired brain damage. Though such causes are rare, there appears to be a genetic component to many developmental arithmetical problems that are not caused by specific syndromes. All of this would suggest a physiological, probably brain‑based contribution to developmental arithmetical deficits (this does not mean that they are caused exclusively by physiological factors). There is evidence for an association in some groups of children between arithmetical deficits and reduced size of the left parietal lobe.
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Arithmetical difficulties in relation to verbal and spatial ability
Reasoning, including arithmetical reasoning, can be carried out in many ways. Two broad categories that are often discussed with regard to individual differences are verbal and spatial reasoning. Information can be represented, manipulated and analysed in words; it can also be represented, manipulated and analysed in terms of visual-spatial imagery.  

A number of researchers have investigated the issue of whether arithmetical skills are particularly associated with verbal or spatial reasoning and/or with discrepancies between the two. The factor analytic studies used to construct the IQ scales have consistently placed the Arithmetic subtest (one which emphasizes word problem solving) within the Verbal scale. However it has sometimes been suggested that spatial difficulties are particularly associated with difficulties in arithmetical reasoning. Rourke (1993; Strang and Rourke, 1983) proposed that verbal weaknesses lead to memory difficulties and that nonverbal weaknesses lead to logical difficulties.

He proposed two basically different groups of children with arithmetical learning disabilities. Children in the first group have difficulties in retrieval of number facts and in working memory, but have a reasonably good understanding of number concepts. They have higher nonverbal than verbal IQs and often have difficulties with reading as well as mathematics. Children in the second group do not have memory problems but do have conceptual problems; they have higher verbal than nonverbal IQs; are less likely to have reading or language difficulties, but more likely to have spatial and social difficulties associated with right hemisphere deficits. 

A few studies by Rourke and others (e.g. Robinson, Menchetti and Torgesen, 2002) have supported the view that children with both reading and mathematical deficits tend to have more memory difficulties but fewer conceptual difficulties than those with just mathematical deficits.

However, there has been no consistent support for the view that 'left hemisphere'-type verbal deficits are associated with procedural and factual memory difficulties in arithmetic, while 'right-hemisphere'-type nonverbal deficits are associated with conceptual difficulties in arithmetic. Shalev, Manor, Amir, Weirtman and Gross-Tsur (1997) found no differences in the types of mathematical difficulty demonstrated by dyscalculic children with higher verbal versus higher non-verbal IQ.

Jordan and Hanich (2000) studied 76 American second-grade children were studied. They were divided into four achievement groups: 20 children with normal achievement in reading and mathematics; 10 children with difficulties in both reading and mathematics (MD-RD), 36 children with difficulties in reading only (RD) and 10 children with difficulties in mathematics only (MD). They were given tests of four areas of mathematical thinking: number facts, story problems, place value and written calculation. Children with MD/RD performed worse than NA children on all aspects of mathematics; those with MD performed worse than NA children only on story problems.

Hanich, Jordan, Kaplan and Dick (2001) similarly divided 210 second-graders were divided into four achievement groups: children with normal achievement in reading and mathematics; children with difficulties in both reading and mathematics (MD-RD), children with difficulties in reading only (RD) and those with difficulties in mathematics only (MD). Both MD groups performed worse than the other groups in most areas of arithmetic. The MD-only group outperformed the MD-RD group in both exact mental calculation and problem solving. The two MD groups performed similarly on written calculation, place value understanding, and approximate arithmetic.

Geary, Hoard and Hamson (1999) studied 90 first-grade children in the average IQ range. They included 35 children with normal achievement in reading and mathematics (N); 15 children with mathematical difficulties (MD; as shown by scores below the 30th percentile on the Mathematical Reasoning subtest of the Wechsler Individual Achievement Test); 15 children with reading difficulties (RD; as shown by scores below the 30th percentile on the Word Attack subtest of the Woodcock Johnson Psycho-Educational Battery; and 25 children with both mathematical and reading difficulties (MD/RD). Both MD groups showed problems in fact retrieval and in using counting strategies correctly in arithmetic. Children who had difficulties with both mathematics and reading tended to show problems in understanding counting principles and detecting counting errors; those with only MD or RD did not. However, about half of the MD children made double-counting errors. The MD/RD children, and those MD children who made double-counting errors, had lower backward digit spans than the other children. 

Thus, the studies by Jordan and her colleagues and by Geary et al (1999) suggest that children with combined mathematical and reading disabilities tend to perform badly on more aspects of mathematics than children who only have mathematical difficulties; but do not support the type of dichotomy suggested by Rourke.

There is still less evidence that, within the general population, verbal and nonverbal ability are associated with consistently different forms of strengths and weaknesses within arithmetic. (This is not to say that there might not be such patterns within the broader domain of mathematics; e.g. geometry is likely to be more specifically associated with spatial ability than is arithmetic). Dowker (1995, 1998) looked at WISC IQ scores, calculation and derived fact strategy use in 213 children between the ages of 6 and 9. Both Verbal and Performance I.Q. predicted performance on tasks of both arithmetical calculation and derived fact strategy use. Verbal I.Q. was a stronger predictor than Performance I.Q. of both types of arithmetical task. Children who showed a strong discrepancy between verbal and nonverbal I.Q. in either direction tended to do well at tasks that involve the use of derived fact strategies; such discrepancies did not predict calculation performance.

Mathematical difficulties in children with language problems and dyslexia
Although there is no clear association between relative verbal versus spatial strengths and particular types of mathematical disability, there is no doubt that mathematical difficulties often co-occur with dyslexia and other forms of language difficulty. 

People with dyslexia usually experience at least some difficulty in learning number facts such as multiplication tables. Miles (1993) found that 96% of a sample of 80 nine-to-twelve-year-old dyslexics had were unable to recite the 6x, 7x and 8x tables without stumbling.

Miles, Haslum and Wheeler (2001) used data from the British Births Cohort Study of 12,131 children born in England, Wales and Scotland between April 5th and 11th, 1970. The children were given a word recognition test, the Edinburgh Reading Test of reading comprehension, the British Abilities Scales spelling test, and the Similarities and Matrices 'intelligence' subtests of the British Abilties Scales. The children were categorized as normal achievers (49% of the sample; IQ scores of at least 90, and no significant mismatch between IQ, reading and spelling); low ability children (25% of the sample; IQ scores below 90); moderate underachievers (13% of the sample; reading and/or spelling score 1 to 1.5 standard deviations below the prediction); and severe underachievers (7% of the sample; reading and/or spelling score more than 1.5 standard deviations below the predictions). 6% were excluded due to insufficient data. 269 of the 907 severe underachievers were considered as probable dyslexics, on the grounds of poor performance on a digit span test, and on the Left-Right, Months Forwards and Months Reversed subtests of the Bangor Dyslexia Test. These dyslexic children performed less well on average on a calculation task, the Friendly Maths Test, than the normal achievers, and even than underachievers who did not meet full criteria for dyslexia. Items that were particularly difficult for the dyslexics were those which involved several steps (e.g. borrowing from two columns, and thus placed a heavy load on working memory; and those which involved fractions and decimals.

Yeo (2001) is a teacher at Emerson House, a school for dyslexic and dyspraxic primary school children, and has written extensively about the mathematical difficulties of some dyslexic children. She reports that while many dyslexic children have difficulties only with those aspects of arithmetic that involve verbal memory, some dyslexic children have more fundamental difficulties with 'number sense'. They comprehend numbers solely in terms of quantities to be counted and do not understand them in more abstract ways, or perceive the relationships between different numbers. Yeo suggests that the counting sequence presents so much difficulty for this group that it absorbs their attention and prevents them from considering other aspects of number. This sort of difficulty occurs in some children who are not dyslexic (see section above on “Common types of arithmetical difficulty); and at present the extent to which it characterizes dyslexics more than others is not clear.

Children with specific language impairment usually have some weaknesses in arithmetic, but once again some components tend to be affected much more than others. Fazio (1994) compared 20 5-year-olds with diagnosed specific language impairments with 20 age-matched controls and 20 language-matched younger children.

The language-impaired children resembled the younger children in the range and accuracy of their counting, but the age-matched controls in their understanding of counting-related concepts, such as the fact that the last item in a count sequence indicates the number of items in the set. Two years later, Fazio (1996) followed up 16 of the language-impaired children, 15 of the age-matched controls and 16 of the language-matched controls. The

language-impaired children were still poor at verbal counting, but resembled their age-matched controls in counting objects, and in reading numerals. They were worse at calculation than the age-matched controls, but worse than the language-matched controls.

Grauberg, E. (1998) has concluded from the research, and from her own experience in teaching pupils with language disorders, that they tend to have difficulties in particular with:

(1)
Symbolic understanding. This includes difficulty in understanding how one item can ‘stand for’ another item or items, and effects can range from difficulties in understanding how a numeral can represent a quantity to difficulties in understanding how a coin of one denomination may be equivalent to a set of coins of a smaller denomination.  Typically developing children under the age of 4 may have problems in distinguishing the cardinal use of numbers to represent quantities from their use as labels (“I am four”;  “I live at number 63”). For children with language difficulties, such problems can persist for far longer. Place value – the use of the position of a digit to represent its value – can present problems for any child, but such problems are likely to be far greater for those with language disorders.

(2)
Organization. Children with language disorders often have difficulties with organizing items in space or time, which may, for example, affect their ability to arrange quantities in order; to organize digits spatially on a page; and to ‘talk through’ a problem, especially a word problem.

(3)
Memory. Poor short-term and long-term verbal memory are frequent characteristics of individuals with language disorders (see studies quoted above) and will affect learning to count, remembering number facts, and keeping track of one step in an arithmetic problem while carrying out subsequent steps.

In addition, language difficulties will directly affect the child’s ability to benefit from oral or written instruction, and to understand the language of mathematics.
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Arithmetic in people with general learning difficulties
There are certain forms of brain damage and of genetic disorder (e.g. Williams syndrome) which not only lead to general intellectual impairment, but to disproportionate difficulties in arithmetic. There are also some people with general intellectual impairments who nevertheless perform well at arithmetic: extreme examples are savant calculators (Heavey, 2003). In general, however, even people with severe intellectual impairments tend to show similar arithmetical performance and strategies to typically developing individuals of the same mental age (Baroody, 1988; Fletcher, Huffman, Bray and Grupe, 1998). 

General learning difficulties are not the major topic of this review. It is, however, important to consider the topic briefly, as (a) dyscalculia is often defined in terms of the absence  of general learning difficulties; and (b) there may be commonalities in some of the arithmetical deficits shown but the two groups, which could make some pooling of research desirable.

Hoard, Geary and Hamson (1999) compared 19 American first grade children with low IQs (mean 78; s.d. 5.6) with 43 children with average or above-average IQ (mean 108; s.d. 11.3). The low-IQ group showed lower backward digit span and slower articulation rates for familiar words, which may suggest working memory deficits. They were less good at number naming and number writing and magnitude comparisons. They performed worse than their peers at detecting counting errors, especially when set sizes increased beyond 5.

They made more errors in simple addition, but used a similar range of strategies: an interesting point when one remembers that they were being compared with children of similar chronological age. 

We have established that arithmetical difficulties often but not always occur in people who either have generally low IQs or relatively specific reading difficulties (dyslexia). We have also established that many people have arithmetical difficulties that are not associated with either low IQ or dyslexia. Does the nature or severity of the arithmetical difficulties actually differ according to their level of specificity? 

One study suggested that the level of specificity may not in fact be important in predicting the nature of the arithmetical difficulties. Gonzalez and Espinel (1999) found that children whose arithmetical achievement was much worse than would be predicted from their IQ did not differ much in their arithmetic performance from those whose poor arithmetic performance was consistent with below-average IQs. The two performed similarly on addition and subtraction word problem solving tasks and on some working memory tasks.

Thus, it appears that distinguishing specific arithmetical difficulties from difficulties associated with low IQ is important from the point of view of understanding a child’s general educational needs. Some of the arithmetical interventions needed may in fact be similar in those with specific and non-specific arithmetical deficits; though specifically dyscalculic children’s good general reasoning abilities may be used in helping children to develop compensatory arithmetical strategies.

PRIVATE 
Interventions for children with dyscalculia
Interventions are important for children with dyscalculia. These may be useful at any stage where the problem is discovered. Nonetheless, they should ideally take place as early as possible.

This is not because of any 'critical period' or rigid timescale for learning. There is no evidence for such a critical period in mathematics learning: for example, age of starting formal education has little impact on the final outcome (TIMSS, 1996).  

Nonetheless, there is one important potential constraint on the timescale for learning arithmetic and other aspects of mathematics (apart, of course, from the practical constraints imposed by school curricula and the timing of public examinations). Many people develop anxiety about mathematics, which can be a distressing problem in itself, and also inhibits further progress in the subject (Fennema, 1989; Hembree, 1990; Ashcraft, Kirk and Hopko, 1998). This is rare in young children (Wigfield and Meece, 1988) and becomes much more common in adolescence. Intervening to improve arithmetical difficulties in young children may reduce the risk of later development of mathematics anxiety. In any case, interventions will be easier to carry out if they take place before mathematics anxiety has set in. 

Crucially when planning interventions, there is by now overwhelming evidence that arithmetical ability is not unitary: it is made up of many components, ranging from knowledge of the counting sequence to estimation to solving word problems. Moreover, though the different components often correlate with one another, weaknesses in any one of them can occur relatively independently of weaknesses in the others. Several studies have suggested that it is not possible to establish a strict hierarchy whereby any one component invariably precedes another component. 

The componential nature of arithmetic is important in planning and formulating interventions with children who are experiencing arithmetical difficulties. Any extra help in arithmetic is likely to give some benefit. However, interventions that focus on the particular components with which an individual child has difficulty are likely to be more effective than those which assume that all children's arithmetical difficulties are similar (Weaver, 1954; Dowker, 1998, 2003).

Taking mathematical difficulties into account within the classroom situation

There are by now several guides for teachers, influenced both by research findings and by teachers' reported experience, regarding strategies for dealing with individual differences within a class, and including children with mathematical difficulties. 

Implications for general classroom practice (p.49) include such issues as 'including something to see, something to listen to, and something to do, at each new stage of mathematical development'; 'capitalizing on classroom opportunities for group discussion and discussion'; 'allowing plenty of classroom opportunities for discussion'; 'rehearsing, as appropriate, earlier stages prior to the introduction of new stages and challenges'; etc.

So far, books about teaching children with mathematical difficulties have tended to focus on difficulties that are associated with dyslexia (e.g. Miles and Miles, 1992; Chinn and Ashcroft, 1998; Kay and Yeo, 2003; Yeo, 2003). Thus, they tend to focus on methods of compensating for and overcoming difficulties associated with weaknesses in verbal memory. For example, Kay and Yeo (2003) suggest that, rather than attempting to learn multiplication tables verbally by rote, dyslexic pupils might use rehearsal cards, which include mathematical facts (5 x 4 =20) or definitions ('Multiply' means 'groups of' or 'times' or 'x'.), Each individual child may be given a small set of cards to practice each day under adult supervision.

El-Naggar (1996) focusses on mathematical learning difficulties more generally, and discusses both ways in which individualized programmes can be used in a classroom setting, and ways in which general classroom practice may assist those with special difficulties. She points out that individualized programmes do not necessarily require one-to-one teaching. They do involve assessment of the child’s individual needs, and providing for these needs, for example by (i) small-group activities including several children with difficulties; (ii) including activities geared at the whole class revising and consolidating earlier learning in areas which the child with difficulties needs to master;  (iii) providing classroom activities which can be solved at several levels; e.g. with concrete materials by children with difficulties and in more abstract form by children without such difficulties.

PRIVATE 
Intervention programs tc  \l 1 "Intervention programs"
The review will now discuss some specific intervention programs that have been used. It will focus in particular on targeted interventions for individuals and small groups of children with diagnosed arithmetical difficulties. Most such programs do not make a sharp distinction between dyscalculia and other forms and degrees of arithmetical difficulty. It is likely that such programs would prove of use for pupils with dyscalculia; but it is important that their relative success with different groups should be carefully evaluated.

Intervention programs at preschool level

It may be noted that there are now a number of preschool intervention programs for children at risk, usually children living in poverty. These appear to be commonest in the United States and include the mathematical components of the Head Start program (Arnold, Fisher, Doctoroff and Dobbs, 2002); the Berkeley Maths Readiness Project (Starkey and Klein, 2000); the Rightstart program of Griffin, Case and Siegler (1994); and the Big Math for Little Kids program of Ginsburg, Balfanz and Greenes (1999).  Similar programs in Britain include the mathematical components of the PEEP program (Roberts, 2001), and the Family Numeracy program recently instituted by the British Government.

These projects involve introducing mathematical activities and games into the preschool curriculum, and in some cases also training the parents to use educational materials at home. Such programs have had promising results so far. They will not received further discussion in this review as they are not specifically targeted at children with mathematical difficulties. However, if we can develop appropriate methods of diagnosing and predicting mathematical difficulties at an early stage, such techniques could well be adapted to ameliorate such difficulties early on, with a view to reducing subsequent problems.

Van Luit and Schopman (2000) carried out one such study in the Netherlands. They examined the effects of early mathematics intervention with young children attending kindergartens for children with special educational needs. The participants were 124 children between the ages of 5 and 7. They did not have sensory or motor impairments, or severe general learning disabilities. Most had language deficits and/ or behavioural problems. All had scored in the lowest 25% for their age group on the Utrecht Test for Number Sense, a test of early counting skills and number concepts. 62 underwent intervention, and the other 62 served as a control group, who underwent the standard preschool curriculum. The intervention program was the Early Numeracy Program, which designed for children with special needs, and emphasizes learning to count. The program involved the numbers 1 to 15, which were represented in various ways, progressing from the concrete (sets of objects) through the semi-concrete (tallies) to the abstract (numerals) sets of objects, and tally marks. Patterns of 5 were particularly emphasized, and were represented by 5 tally marks within and ellipse. The number activities were embedded in games involving families, celebrations and shopping. The children had two half-hour sessions per week in groups of three for six months. At the end, the intervention group performed much better than the control group on activities that had formed part of the intervention program, but unfortunately did not transfer their superior knowledge to other similar but not identical numeracy tasks. 

Individualized remediation with school-aged children with arithmetical difficulties
We now turn from group-based techniques of helping children with arithmetical difficulties to more individualized component-based techniques, that take into account individual children's strengths and weaknesses in specific components of arithmetic. Some of these projects are totally individual; some include at least some small-group work.

Assessments for targeted intervention
Effective interventions imply some form of assessment, whether formal or informal, to (a) indicate the strengths, weaknesses and educational needs of an individual or group; and (b) to evaluate the effectiveness of the intervention in improving performance.

There are a variety of standardized tests used for assessing children's arithmetic. Many test batteries for measuring abilities (e.g. the British Abilities Scales and their American counterpart, the Differentiated Aptitude Tests) include tests both of calculation efficiency and of mathematical reasoning, the latter usually taking the form either of number pattern recognition or word problem solving. IQ scales, such as the Wechsler Intelligence Scale for Children and the Weschler Adult Intelligence Scale, include arithmetic subtests which tend to emphasize word problem solving. Some tests, used in school contexts (e.g. the NFER Mathematics tests, and the SATS), place greater emphasis on whether children have mastered particular aspects of the arithmetic curriculum. Others are devised by researchers for the specific purpose of assessing particular mathematical components, which are to be dealt with, or have been dealt with, in an intervention program. Some researchers over the years have argued that the exclusive use of standardized tests may result in missing crucial aspects of an individual's strategies and difficulties, and have emphasized the importance of individual interviews and case study methods (Brownell and Watson, 1936; Ginsburg, 1977).

Most assessment techniques involve testing children across the range of ability, and dyscalculia is diagnosed by a score below a certain cut-off point in mathematical tests, without similarly low scores in other tests.

Butterworth (2002; Butterworth, in press) has devised a computerized screening test of basic numerical skills, which is more specifically directed at incorporating the recognition of small numerosities; estimation of somewhat larger numerosities; and comparisons of number size. These are intended to identify severe arithmetical difficulties (dyscalculia) rather than to assess individual differences in the general population.

Some of the history of individualized remedial work
It is striking how many of the most modern practices have surprisingly early origins. Some forms of individualized, component-based techniques of assessing and remediating mathematical difficulties have been in existence at least since the 1920s (Buswell and John, 1927; Brownell, 1929; Greene and Buswell, 1930; Williams and Whitaker, 1937; Tilton, 1947). On the other hand, they have never been used very extensively; and there are many books, both old and new, about mathematical development and mathematics education, which do not even refer to such techniques, or to the theories behind them.

Weaver (1954) was a strong advocate of differentiated instruction and remediation in arithmetic. He put forward several important points that have since been strongly supported by the evidence, centrally that "arithmetic competence is not a unitary thing but a composite of several types of quantitative ability: e.g. computational ability, problem-solving ability, etc."; that "(t)hese abilities overlap to varying degrees, but most are sufficiently independent to warrant separate evaluations"; and that "children exhibit considerable variation in their profiles or patterns of ability in the various patterns of arithmetic instruction" (pp. 300-301). He argued (pp. 302-303) that any "effective program of differentiated instruction in arithmetic must include provision for comprehensive evaluation, periodic diagnosis, and appropriate remedial work" and that "(e)xcept for extreme cases of disability, which demand the aid of clinicians and special services, remedial teaching is basically good teaching, differentiated to meet specific instructional needs".

For a long time, some researchers and educators have emphasized the importance of investigating the strategies that individual children use in arithmetic: especially those faulty arithmetical procedures that lead to errors (Buswell and John, 1926; Brownell, 1929; Van Lehn 1990). Thus, some children might add without carrying (e.g. 23 + 17 = 310); others might add all the digits without any reference to whether they are tens or units (e.g. 23 + 17 = 13); others, when adding a single-digit number to a two-digit number, might add it to both the tens and the units (e.g. 34 + 5 = 89).  Much of the work over the years has looked at the faulty arithmetical procedures that children often demonstrate: e.g. when subtracting 
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a common faulty procedure is to always subtract the smaller number from the larger, in this case obtaining the answer 36.

Another faulty procedure is to omit borrowing and to write 0 when a larger digit seems to be subtracted from a smaller: 
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Many papers on mathematical difficulties have included lists of such faulty procedures. In early studies (Greene and Buswell, 1930; Tilton, 1947; Williams and Whitaker, 1937), such flaws tend to be described as 'bad habits'. In some more recent studies (Brown and Burton, 1978; Van Lehn, 1990), they are described as 'bugs', by analogy with malfunctioning computer programs. Efforts are made to diagnose such incorrect strategies, so that they can be corrected. 

Tilton (1947) carried out his intervention study with a group of 38 fourth-grade (9-and 10-year-old pupils). They were selected from a sample of 138 children, because they obtained the lowest scores in the Compass Survey Tests in Arithmetic Elementary Examination.  They were divided into an intervention group and a control group. The intervention group underwent 20 minutes of individualized intervention per week for four weeks. The intervention was based on the diagnosis and correction of faulty arithmetical strategies: e.g. always subtracting the smaller digit from the larger digit. Although the program was short and non-intensive (80 minutes individualized intervention in total), the intervention group made 5 months more progress than the control group.

If componential theories of arithmetical ability, and their applications to differentiated instruction and remediation in arithmetic were already being advocated when our contemporary schoolchildren's great-grandparents were at school, why have they had comparatively little impact on theory and practice? Part of the reason is practical: in under-resourced classrooms, it is difficult to provide individualized instruction. Until the 1960s, primary class sizes of 40 or more were common in Britain; even nowadays, it is not rare for a primary class to include over 30 children. 

Another reason for the limited use of such intervention techniques is that there has been relatively little  communication of findings: one of the problems that has bedeviled the whole area of mathematical development. Many an interesting study has remained in near-obscurity, or has only reached a particular category of individuals. Communications between teachers, researchers in education, researchers in psychology and policy-makers have been limited, as often have been communications between researchers within the same discipline in different countries and at different times.

Recognizing and avoiding potential problems with individualized instruction and remediation
What are the potential problems that can arise with individualized instruction and remediation? Apart from the practical problems arising from inadequate resources, there can be problems with the methods that are used. In particular, there may be gaps in the selection of arithmetical components for remediation. Indeed, in our present state of knowledge there must be, since we do not yet have a full understanding of the different components of arithmetic; the relationships between them; and the nature and causes of individual differences in them. Nevertheless, there has been sufficient knowledge in the area for quite some time to permit successful work in the area.

Moreover, appropriate individualized instruction depends on appropriate selection of the components of arithmetic to be used in assessment and intervention. This is still an issue for debate and one which requires considerable further research. One of the main potential problems, which was more common in the past than nowadays, is to assume that the components to be addressed must necessarily correspond to specific arithmetical operations: e.g. treating "addition", "subtraction", "multiplication", "division" etc. as separate components. It is, of course quite possible for children to have specific problems with a particular arithmetical operation. Indeed, as we have seen, it is possible for a particular arithmetical operation to be selectively impaired in adult patients following brain damage. Nevertheless, it is an over‑simplification to assume that these operations are likely to be the primary components of arithmetical processing.  Current classifications tend to place greater emphasis on the type of cognitive process; e.g. the broad distinctions between factual knowledge ("knowing that"), procedural knowledge ("knowing how"), conceptual knowledge ("knowing what it all means") and in some theories utilizational knowledge ("knowing when to apply it") (see, for example, Greeno, Riley and Gelman, 1984). A potential danger of over‑emphasizing the different operations as separate components is that it may encourage children, and perhaps adults, to ignore the relationships between the different operations. 

Inevitably, since they were carried out before the concept of developmental dyscalculia was established, such studies do not distinguish between dyscalculia and other forms and degrees of mathematical difficulty. Nonetheless, they have estabilished vital groundwork for developing assessment and intervention programs for dyscalculic pupils.
Individualized intervention programs with primary school children 

There have been several more recent individualized intervention programs for primary school children with arithmetical difficulties, which have been influenced by more recent research on the development of mathematical cognition, though, for the most part, not on dyscalculia as such.

Denvir and Brown (1986b) based an intervention project on the approximate hierarchies of skills that they had investigated (Denvir and Brown, 1986a). The pilot study was carried out individually over a three-month period with seven pupils, who took part in Denvir and Brown's (1986a) longitudinal study. They were taught skills which were regarded as 'next skills' up from their existing skills, in the approximate hierarchies constructed by Denvir and Brown (1986a): for example, a child who could add by 'counting all' might be taught to add by counting on from the first number. The teaching involved presenting children with problems; making concrete objects available; and encouraging them the children to discuss and reflect on the problems. All the children made progress; and they made more progress during the five months immediately

following the teaching study than in subsequent periods of the longitudinal study.

The main study was also carried out over a three-month period with twelve pupils who had received low scores on the diagnostic asseessment interview (Denvir and Brown, 1986a). They were taught in small groups (6 in each group) twice weekly for six weeks in sessions lasting five minutes. They were encouraged to use multiple methods  to carry out problems (e.g. to solve arithmetic problems with a number line, a calculator, concrete objects such as Dienes blocks, in written form, etc.) and to discuss these methods and how and why they gave the same answers. Most conversation was between adults and children; children rarely discussed methods with each other.

The children improved in their performance. The children in this main study gained more skills than those in the pilot study. The children taught in groups seemed more relaxed and positive than those taught individually; but they were more often distracted; it was more difficult to ensure that each child was participating when they could 'hide behind' others; and target skills could not be so precisely matched to each child's existing level.

Interestingly, children in both studies 'did not always learn precisely what they were taught, so attempts to match exactly the task to the child did not always have the expected outcome'. In other words, the interventions resulted in the children acquiring new mathematical skills, but not always the specific skills that they were taught.

Recently, Trundley (1998) carried out a individualized intervention project focussing specifically on the development of derived fact strategies. It was based on research by Mike Askew, Tamara Bibby and Margaret Brown, which explored teaching strategies and learning outcomes with low-attaining Year 3 pupils.  In particular, it was based on the theory that use of known number facts and derived fact strategies reinforce one another. The more facts you know, the more you can derive; some facts you know become known facts. Some children rely persistently on counting-based strategies, and thus do not begin this mutual development of factual and conceptual knowledge. These tend to be the children with mathematical difficulties.

The project worked with two groups of 12 teachers in Devon. The first group met for 20 weekly full-day sessions during the autumn and spring terms of 1997/1998, and the second group for 20 weekly half-day sessions. Each teacher was  asked to select six children in his/her class who were underachieving in mathematics specifically, All the Year 3 and 4 children in these classes were tested at the beginning and end of the project using an oral test. The six children in each teacher’s focus group were selected on the basis of (a) the teacher assessment; (b) the oral test and (c) SATs at the end of Key Stage 1.

Each child underwent a weekly 20-minute individual session with his/her teacher in a ‘mirror room’, where they were observed by the other teachers in an adjacent room through a one-way mirror. Each session consisted of:

2-3 minutes practicing counting skills.

2 minutes revising individual known facts.

10-12 minutes practicing derived fact strategies building on known facts.

2 minutes playing with big numbers or working on a problem.

Teachers made notes on the sessions that they observed, and discussed them with the teacher who ran the sessions. All the teachers in the project ran their own sessions and also observed the other teachers' sessions. They also all read papers on numeracy teaching and assessment by M. Askew, S. Atkinson, A. Straker and others.

Those in the first, full-day group additionally engaged in afternoon group discussions of their readings, and related issues in mathematics teaching.

The teachers were also observed in their classrooms teaching mathematics twice during the course of the project, and observations were fed back.

The children, who were reassessed 5 months after the start of the project, showed considerable improvement. As regards counting, they were much more able to count in different steps, both forwards and backwards. Following intervention, they were correct and fluent at over 70% of the questions that they had previously been unable to do; and at 80% of the questions on which they had been mostly correct but made some errors. As regards calculation, they were now able to calculate 65% of the problems which they had previously been able to do;  used either derived or known facts on 40% of the problems which they had previously solved by counting objects; and used either derived or known facts on 68% of the problems which they had previously solved by counting in ones.

The teachers were enthusiastic about the project. Some comments related to feeling that it was acceptable to do small-group work with children with difficulties:  'I am determinedly focusing on one group at a time'; 'I spend the main part of the teaching activity with only one group – previously I felt too guilty to do this and perhaps spread myself too thinly'.

Kaufmann, Handl and Thony (2003) carried out a pilot study of an intervention project for Austrian children with arithmetical difficulties, which included factual, procedural and conceptual components. Six children between 6 and 7 with a diagnosis of developmental dyscalculia took part in the study. They underwent three individual 25-minute sessions weekly for a period of six months. The intervention involved training in components of increasing difficulty, beginning with counting principles; and proceeding through: writing and reading numbers; learning the number combinations that add up to 10; learning addition facts; learning subtraction facts; dealing with the inverse relationship between addition and subtraction; addition of numbers over 10; dealing with the base 10 system; learning multiplication facts; and learning how to carry out division procedures. They were compared with 18 children without mathematical difficulties on the Number Processing and Calculation Screening Battery. Overall, effects were greater in the intervention group.

Two larger-scale independently developed, individualized intervention programs which address numeracy in young children, and take componential approaches based on cognitive theories of arithmetic, are the Mathematics Recovery program (Wright, Martland and Stafford, 2000; Wright, Martland, Stafford and Stanger, 2002), and the Numeracy Recovery program (Dowker, 2001). There are some important differences between the two programs. Notably, the Mathematics Recovery program is much more intensive than the Numeracy Recovery program; and the Mathematics Recovery program places more emphasis on methods of counting and number representation, and the Numeracy Recovery program on estimation and derived fact strategy use. From a more theoretical point of view, the Mathematics Recovery program places greater emphasis on broad developmental stages, while the Numeracy Recovery program is treats mathematical development, to a greater extent, as involving potentially independent, separately‑developing skills and processes. Despite these distinctive features, the two programs have other important common features besides being individualized and componential. Both programs are targeted at the often neglected early primary school age group (6‑ to 7‑year‑olds); both deal mainly with number and arithmetic rather than other aspects of mathematics; and both place a greater emphasis than most programs on collaboration between researchers and teachers.

Mathematics Recovery
The Mathematics Recovery program was designed in Australia by Wright and his colleagues (Wright et al, 2000, 2002). In this program, teachers provide intensive individualized intervention to low‑attaining 6‑ and 7‑year‑olds. Children in the program undergo 30 minutes of individualized instruction per day over a period of 12 to 14 weeks.

The choice of topics within the program is based on the Learning Framework in Number, devised by the researchers. This divides the learning of arithmetic into five broad stages: emergent (some simple counting, but few numerical skills); perceptual (can count objects and sometimes add small sets of objects that are present); figurative (can count well and use 'counting‑all' strategies to add); counting‑on (can add by 'counting on from the larger number' and subtract by counting down; can read numerals up to 100 but have little understanding of place value); and facile (know some number facts; are able to use some derived fact strategies; can multiply and divide by strategies based on repeated addition; may have difficulty with carrying and borrowing.  Children are assessed, before and after intervention, in a number of key topics. They undergo interventions based on their initial performance in each of the key topics. The key topics that are selected vary with the child's overall stage. For example, the key topics at the Emergent stage are (i) number word sequences from 1 to 20; (ii) numerals from 1 to 10; (iii) counting visible items (objects); (iv) spatial patterns (e.g. counting and recognizing dots arranged in domino patterns and in random arrays); (v) finger patterns (recognizing and demonstrating quantities up to 5 shown by number of fingers); and (vi) temporal patterns (counting sounds or movements that take place in a sequence). The key topics at the next, Perceptual, stage are: (i) number word sequences from 1 to 30); (ii) numerals from 1 to 20; (iii) figurative counting (counting on and counting back, where some objects are visible but others are screened); (iv) spatial patterns (more sophisticated use of domino patterns; grouping sets of dots into "lots of 2"; "lots of 4", etc.); (v) finger patterns (recognizing, demonstrating and manipulating patterns up to 10 shown by numbers of fingers); and (vi) equal groups and sharing (identifying equal groups, and partitioning sets into equal groups). The key topics at later stages place greater emphasis on arithmetic and less on counting. Despite the overall division into stages, the program acknowledges and adapts to the fact that some children can be at a later stage for some topics than for others.

There are many activities that are used for different topics and stages within the Mathematics Recovery program. For example, activities dealing with temporal patterns at the Emergent stage include children counting the number of chopping movements made with the adult's hands; makes with his/ her hands; producing a requested number of chopping movements with  their own hands; counting the number of times they hear the adult clap; and clapping their own hands a requested number of times. Activities dealing with number word sequences in fives at the Counting‑On stage include children being presented with sets of 5‑dot cards; counting the dots as each new card is presented; counting to 30 in fives without counting the dots; counting to 30 in fives without the cards; counting to 50 in fives without the cards; and counting backward in fives from 30, first with and then without the cards. 

Children in the program improved very significantly on the topics that form the focus of the problem: often reaching age‑appropriate levels in these topics. The teachers who worked on the program found the experience very useful; felt that it helped them to gain a better understanding of children’s mathematical development; and used ideas and techniques from the program in their subsequent classroom teaching.

Numeracy Recovery
The Numeracy Recovery program (Dowker, 2001, 2003), piloted with 6‑and 7‑year‑olds (mostly Year 2) in some primary schools in Oxford, is funded by the Esmee Fairbairn Charitable Trust. The scheme involves working with children who have been identified by their teachers as having problems with arithmetic. 175 children (about 15% of the children in the relevant classes) have so far begun or undergone intervention.

These children are assessed on nine components of early numeracy, which are summarized and described below. The children then receive weekly individual intervention (half an hour a week) in the particular components with which they have been found to have difficulty. The interventions are carried out by the classroom teachers, using techniques proposed by Dowker (2001).

The teachers are released (each teacher for half a day weekly)

for the intervention, by the employment of supply teachers for

classroom teaching. Each child typically remains in the program for 30 weeks, though the time is sometimes shorter or longer, depending on teachers' assessments of the child's continuing need for intervention. New children join the project periodically.

The interventions are based on an analysis of the particular subskills which children bring to arithmetical tasks, with remediation of the specific areas where children show problems. The components addressed here are not to be regarded as an all‑inclusive list of components of arithmetic, either from a mathematical or educational point of view. Rather, the components were selected because earlier research studies  and discussions with teachers have indicated them to be important in early arithmetical development, and because research has shown them to vary considerably between individual children in the early school years.

The components that are the focus of the project are 

  (1) Counting procedures;

(2) Counting principles: especially the order-irrelevance principle that counting the same set of items in different orders will result in the same number; and the ability to predict the result of adding or subtracting an item from a set.

(3) Written symbolism for numbers.

(4) Understanding the role of place value in number operations and arithmetic.

(5) Word problem solving.

(6) Translation between arithmetical problems presented in concrete, verbal and numerical formats (e.g. being able to represent the sum ‘3 + 2 = 5’ by adding 3 counters to 2 counters, or by a word problem such as ‘Sam had 3 sweets and his friend gave him 2 more, so now he has 5’ (see Hughes, 1986). 

(7) Derived fact strategies in addition and subtraction: i.e. the ability to derive and predict unknown arithmetical facts from known facts, for example by using arithmetical principles such as commutativity, associativity, the addition/ subtraction inverse principle, etc.

(8) Arithmetical estimation: the ability to estimate an approximate answer to an arithmetic problem, and to evaluate the reasonableness of an arithmetical estimate.

(9) Number fact retrieval.

The children in the project, together with some of their classmates and children from other schools, are given three

standardized arithmetic tests: the British Abilities Scales Basic Number Skills subtest (1995 revision), the WOND Numerical Operations test, and the WISC Arithmetic subtest. The first two place greatest emphasis on computation abilities and the latter on arithmetical reasoning. The children are retested at intervals of approximately six months. 

The initial scores on standardized tests, and retest scores after 6 months, of the first 146 children to take part in the project have now been analyzed.  Not all of the data from 'control' children are yet available, but the first 75 'control' children to be retested showed no significant improvement in standard (i.e. age‑ corrected) scores on any of the tests. In any case, the tests are standardized, so it is possible to estimate the extent to which children are or are not improving relative to others of their age in the general population.

The children in the intervention group have so far shown very significant improvements. (Average standard scores are 100 for the BAS Basic Number Skills subtest and the WOND Numerical Operations subtest, and 10 for the WISC Arithmetic subtest.) The median standard scores on the BAS Basic Number Skills subtest were 96 initially and 100 after approximately six months. The median standard scores on the WOND Numerical Operations test were 91 initially and 94 after six months. The median standard scores on the WISC Arithmetic subtest were 7 initially, and 8 after six months (the means were 6.8 initially and 8.45 after six months). Wilcoxon tests showed that all these improvements were significant at the 0.01 level. 

One hundred and one of the 146 children have been retested over periods of at least a year, and have been maintaining their improvement.

Governments and targeted intervention programs

A positive and interesting development is that some Governments are developing and using targeted and individualized interventions for children with mathematical difficulties. These include Britain (DfEE, 2003) and at least some Australian states (Kraayenoord and Elkins, 2004).

Computer programs for individual instruction
With the increasing development and availability of computer technology, a number of computer programs have been developed individualized instruction and remedial work (Lepper and Gurtner, 1989; Errera, Patkin and Milgrom (2001). Computerized individualized instruction systems have the same potential advantages (adaptability to individual patterns of learning; lack of social pressure) and disadvantages (lack of social interaction and communication; often exclusive emphasis on the response rather than on the cognitive process of reaching it) as other individualized self-teaching systems. In addition, they have the important advantage that computers are motivating to many children; and that, with increasing availability of home computers and computer games, they may be used outside of as well as within a school context.

Computer programs in the past tended to take a simplistic approach to children's errors and to reward correct answers, and reject incorrect answers, without scope for analyzing how the errors occurred (Hativa, 1988). The more sophisticated forms of programming that are available today make it much more possible to diagnose and interpret misconceptions; though, as with any test, they may not pick up a particular individual's interpretations and misinterpretations, especially if these are somewhat untypical of the population as a whole.

Most studies of computer-based intervention with children with mathematical disabilities are as yet relatively small-scale, involving small samples. Recent results have been quite promising (Errera et al, 2001; Earl, 2003; Pennant, 2003).

It should be noted, however, that Kroesbergen and Van Luit's (2003) meta-analysis of mathematical training and intervention studies indicated that computer-based interventions tend to result in less progress than interventions carried out by teachers. These results may be based in part on sampling differences, and certainly do not mean that computer-based interventions are worthless; however, they should not be seen as a replacement for interventions by human beings. Computer-based interventions, in any case, take many forms and some will be more effective than others. In any case, they have the potential to serve very useful purposes in increasing motivation and reducing the impact of emotional, communication, or motor difficulties.

PRIVATE 
Implications for further research
The intervention studies so far have involved a rather heterogeneous group of children with mathematical difficulties, who have been differentiated according to their level of functioning in various components of mathematics, but not on the basis of whether they have a specific or non-specific mathematical deficit. It would be desirable to compare the effectiveness of such interventions with (a) children with dyscalculia; (b) children with milder, possibly more environmentally caused, specific arithmetical deficits; (c) children with combined dyscalculia and dyslexia; and (d) children with arithmetical deficits as part of more general learning difficulties.

Several researchers (Mazzocco and Myers, 2003; Desoete, Roeyers and DeClercq, 2004) have emphasized the fact that dyscalculia can vary considerably, both in incidence and prognosis, according to the exact criteria used: (e.g. absolute level of deficit; deviation from IQ level; and/ or persistence over time in the early years). It is important to establish the criteria being used in a study, and also to compare results when different criteria are used.

Further research is also of course necessary to show whether and to what extent the individualized interventions described here are more effective in improving children's arithmetic than other interventions which provide children with individual attention: e.g. interventions in literacy, or interventions in arithmetic which are conducted on a one-to-one basis but not targeted toward individual strengths and weaknesses.

Other types of intervention are also worthy of further study: in particular, computer-based interventions with dyscalculic children are still virtually in their infancy, and are worthy of further development. 

  It is important to compare the different programs using similar   forms of assessment. At present, as pointed out by Kroesbergen   and Van Luit (2003) and by Rohrbeck et al (2003), it is          difficult to compare programs, because most researchers and      project managers have worked in relative isolation,              unaware of each other’s programs. Most programs have involved    different methods of sampling and different forms of             assessment, rendering it difficult or impossible to make valid   comparisons.

Another goal of research should be to investigate the role of targeted interventions for adults with mathematical difficulties. Most intervention programs have been with children or adolescents. Since numeracy difficulties have lifelong implications, it is important that more work be carried out on diagnosis and intervention for such difficulties in adults. Numeracy is increasingly included in 'basic skills' programs for adults; though most such programs do not differentiate between adults who have not learned such skills due to lack of educational opportunity, and those who have dyscalculia. 

Given the importance of preschool interventions with at-risk  children, it would be desirable to have more investigations of  methods of assessing preschool children’s early mathematical   abilities; of predicting different forms of mathematical        difficulty; and of targeting early interventions to have        maximum impact in preventing, or at least reducing the          subsequent impact, of such difficulties.

Greater communication and collaboration between scientists, teachers and policy-makers is vital. This was indeed pointed out by Piaget (1971), but has only rarely been put into practice.

